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We show that the “turbulent” particle spectra found in numerical simulations of the behavior of matter fields
during reheating admit a simple interpretation in terms of hydrodynamic models of the reheating period. We
predict a particle number spectrumeck™* with a~2 for k—0.
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I. INTRODUCTION simulations correspond to the self-similar solutions discussed
long ago by Chandrasekhftl]. They appear in the discus-
The reheating period in the early Universe stands out as sion of decaying turbulencévhich is the case relevant to
challenge to theorists due to the close interrelationship ofosmology, as opposed to turbulence driven by some exter-
nonlinear and gravitational phenomena in its unfoldiage nal means. The Chandrasekhar solutions are built on the
Refs.[1-5]). The observation that, due to the high occupa-Heisenberg closure hypothe$i2] (see[13-15 for a gen-
tion numbers produced during preheating, most of the physerf'ﬂ discussion of turbulengeThey were generalized to
ics of reheating may be understood in terms of the behavioFfiedmann-Robertson-Walke{FRW) backgrounds by To-
of nonlinear classical waved,6] has been the key to sub- Mita et al.[16]. These solutions agree with the Kolmogorov
stantial progress. The authors[df-5] have undertaken sys- 1941 theory in the inertial rangel5], failing to reproduce
tematic numerical simulations of the behavior of matterobservations for very small eddies. Fortunately, we are most
fields during reheating, finding that the reheating period ignterested in the opposite limit of very large eddies, where it
actually composed of three consecutive phases: an early ofgtrustworthy(we wish to point out that the applicability of
or preheating, where the dominant effect is the parametri§0imogorov’s spectrum to large scale turbulence should not
amplification of matter fields out of the dynamical inflaton P€ taken for grantefll 7]). With minor adjustments, Tomita’s
and gravitational background&’], an intermediate stage analysis of turbulence decay in FRW space-times also pro-
where the dominant phenomenon is the redistribution of en¥ides a solution to the evolution of our equivalent fluid.
ergy among matter field modes through rescattefinghe T_he rest of the paper is organized as follows. In_ the_ next
terminology of[1—5]), and a final stage where thermal equi- S€ction we prowde_ a brief summary of hydrodynamics in flat
librium sets in. During the intermediate stage, spectra of oc@nd expanding universes, in order to set up the language for
cupation numbers for the matter fields reduce to simpldh€ rest of the paper, and introduce the self-similar solutions.
power laws both in the infrared and ultraviolet limits. As In Sec. lll we proceed to discuss the equivalent fluid descrip-
noted in[1-5], this behavior suggests a connection betweerion of field fluctuations, and how to extract the particle spec-
the physics of reheating and the phenomena of weak turbtum therefrom. In Sec. IV we place the self-similar solutions
lence[8], but to the best of our knowledge no theoretical I the context of reheating. We state our main conclusions in

prediction for the exponents involved is available. Our goaithe final section. We provide a rough estimate of the shear

is to provide these theoretical estimates. viscosity during reheating in the Appendix.
In this paper we shall follow this same trend of ideas, by
observing that, from the macroscopic point of view, a sto- [l. HYDRODYNAMIC FLOWS

chastic ensemble of classical waves may be described by a
conserved energy momentum tensor subject to the second
law of thermodynamics. There is therefore an equivalent The equations governing the dynamics of a fluid in local
fluid description, consisting of a fluid whose energy momen-thermodynamic equilibrium are the continuity and Navier-
tum tensor and equation of state reproduce the observed on&&kes ones, which, in the case of flat space-time, read
for the microscopic fluctuations. Solving the dynamics of
this equ?valent fluid yi_elds answers to all rele\_/ant questions a_p+(u.v)p:0 (1)
concerning the behavior of the actual fluctuations. dat

An immediate consequence of energy momentum conser-
vation and the second law is that, when velocities are low,
the phenomenological fluid may be described within the
Eckart theory of dissipative fluid®] (for an analysis of the
limitations of Eckart’'s theory segl0]). It follows that it where we have assumed incompressibility, valid when typi-
obeys a continuity equation and a curved space-time Naviecal velocities are much smaller than the sound veloaity;
Stokes one. The “turbulent” spectra found in numerical = 7/p is the kinematic shear viscosity. The transition from

A. Flows in flat space-time

Ju 1
—+(U-V)U=—-—-Vp+vV3U 2
at p
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laminar to turbulent motion can be universally described by

the dimensionless “Reynolds” number:

uL
R=—

14

)

whereU is a typical velocity and. a typical length scale.
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1 j—
ER”(O,t)—f E(k,t)dk,

where

®

E(k,t)=Ef @i (k,t)k?dQ (k)

This number represents the order of magnitude of the ratio of 2

the inertial to the viscous term. Low Reynolds numbers cor-

respond to laminar motion, while high ones suggest turbuleris the energy density stored in eddies of size'. Defining

behavior. I';; as the Fourier transform aff;; , we obtain from Eq(5)
In general, the velocity profile displays variations in spacethe equation of balance of the energy spectrum:

and time. This implies that the flow must be described proba-

bilistically. Thus, each quantity involved in Eqgél),(2) is

divided in its mean value and a fluctuation from it; for ex-

ample, we writeJ= U +u, whereu stands for the fluctuating
part of the velocity. In the case where motion is isotropic, theyhere

mean valueJ for the velocity must be zero, since otherwise
there would be a preferred direction.

To analyze the system’s behavior, we define the two-point
one-time correlation function for the velocity:

- %E(k,t)zT(k,t)+2kaE(k,t) 9

T(k,t)=— lf T, (k,H)k2dQ(K).

5 (10
The inertia termT (k,t) is the one that contains the mode-
mode interaction, and its effect is to drain energy from the
Jmore energetic modes—typically the bigger ones—to the
ones where there is major viscous dissipation—the smaller

Rij (XX, t) = (ui(x,t)u;(x’,1)). (4)

In the case of homogeneous and isotropic motion, this co
relation must be only a function of the timm@nd the distance
between x and x’, i.e. Rjj(xx",t)=R;(r,t), where r
=|x—x'|. Observe thaR;;(0t) (summation over repeated
indices must be understopis twice the average energy den-
sity of the flow at timet. From Eq.(2) we obtain the equation
that this correlation must obey: namely,

B. Flows in expanding universes

For a curved space-time, in particular a Friedmann-
Robertson-Walker universe with zero spatial curvafuté’
=—dt?+a?(t) (dx*+ dy?+dZ?)], the generalization of the
above arguments has been considered by many aJtt@+s
23]. We follow the analysis of Tomita&t al. [16], in which
they obtain the solution for the energy spectrum in the case

where of homogeneous, isotropic and incompressible turbulence.
In a generic space-time, we describe fluid flow from the
1/ 9 , energy density, pressurep and four-velocityU. The sym-
Pij(r.t)= P E(p(x,t)uj(x 1) metries of the FRW solution suggest using instead the com-
' moving three-velocityr' = U'/U?; if U'<UP the flow is non-
d , relativistic, and if Vu=0, it is incompressible[u
- a—ﬁ(p(x Hui(x.1) 6) =(u%,u?,u®)]. Later on, we shall also use the physical three-
velocity v =a(t)u.
and The corresponding continuity and Navier-Stokes equa-
tions for a Robertson-Walker background are obtained by the
d condition of conservation of the energy-momentum tensor
Tij(r,t)= F(Ui(X,t)Uk(X,t)Uj(X' ) [9]. For a nonrelativistic incompressible fluid, with shear vis-
k cosity =v(p+p) (but no bulk viscosity, these reduce to
_ui(X!t)uk(X,!t)uj(Xl!t)>' (7) .
ap a
The tensorT;; comes form the inertia term in the Navier- E+35(p+p)—0 1D
Stokes equation and, as it involves a product of third order in
the velocity, reflects the fact that there is not a close set of Ju JIn[(p+p)as]
equations for the correlations of successive orders but there —+|(u-V)+ —————|u
is a hierarchy of equations instead. The problem of closing at at
that hierarchy is known as the “moment closure problem”
[18]. Let us call®;;(k,t) the Fourier transform oR;;(r,t). - _ vp + ivvzu (12)
Then the energy density becomes a’(p+p) a?
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where we have assumed thmt p depends only on time. For spectrum itself, a closed evolution equation E(k) is ob-
the physical three-velocity, the corresponding Navier- tained. Concretely, Heisenbel@2] proposed the ansatz
Stokes equation reads

k k ,
f T(k’,t)dk’zZv(k,t)f0 E(k’,t)k 2dk’ (17

v [1 aIn[(p+p)a*] 0
E"‘ E(VV)—’_—ﬂt \

where
Vp

1
— T vy (13) ) ,
e e k=g [ [ ak a9
k'®

In obtaining Eqs(11)—(13) we have neglected possible per-

::Lgr?ggzrsiiéilH::?uZtFiQ(\),r\fsni]:ttrrzg ;23&”5;‘301";”9) ehllf;:“on%nd Afat IS @ dimensionless constant. With this hypothesis
v Juv nv

been obtained by Weinbel®]. The continuity equation is (known as the Heisenberg hypothgsis the solution to the

not corrected by gravitational perturbations, while in thecIosure problem, Chandrasekiiai] has obtained the energy

Navier-Stokes equation the metric fluctuations appear ex ”C§pectrum for decaying turbulence, assuming that there is a
: KES €q . . PP P stage in the decay where the bigger eddies have a sufficient
itly only within the shear viscosity term. It can be demon-

amount of energy to maintain an equilibrium distribution,
%hus requiring that the solution for the spectrum should be

“g'ble for scales that are |n_S|de .the ho.“z.m“‘]: For scales ._self similar. With this consideration into account he obtained
bigger than the Hubble radius, since dissipation through vis:

A ; X n ener rum:
cosity is not effective anyway, we may still use the unper—a energy spectru

turbed Navier-Stokes equation. 1 : kot

The operation of Fourier transforming in the case of a E(k,t)= 0 ( ) (19)
Robertson-Walker cosmology is done in terms of comoving AZ k33 Yt kot
wave-numbers. In doing so, the following equation for the
energy spectrum is obtained: where k, and ty are initial conditions(namely, the wave

number corresponding to the bigger eddy and its typical time
d of evolution. The functionF obeys the equation
— S EkD=T(kD)

dF(x")
F(x")—=x'———|dx’
dx’

:[ykzt + [ F(X,)dx’]J
where the relationship betweé(k,t) and®;;(k,t) as well 00

as betweerT (k,t) andT'j;(k,t) is the same as that for a flat

space-time, if we defind?; and T;; from correlations of
physical quantities, as follows:

I

2 4 _
+2 %_F—(?ln[(p-f-p)a ]]E(k,t) (14) fo
a at

X r
F(x')x 2dx’ (20)
0

!
X 3/2

which predicts a Kolmogorov type behavior for an inviscid
fluid [R—mo,R:(vkéto)*l] in the ultraviolet limit:

Rii(r,t)=a(uj(x,t)u;(x+r,t 15

i =asuxnu, % (19 F(x)—constkx >  (p=0x—x), (21)

J . . .
Tij(r,t):aZ&T[<Ui(X,t)uk(X,t)uj(X+r1t)> while, for nonzero viscosity,
k
-7
In the infrared limit,F has the universal behavidt(x)
C. Self-similar flows in flat and expanding universes =4x (x<1), and thus we find a linear energy spectrum for
As we have seen in the previous section, the key eIemer‘ﬁ\ﬁ< Kovlto. o ) )
in the description of the flow is the energy spectré&fk) Chandrasekhar’s self-similar solutions are easily general-

[Eq. (8)], which is the solution of the balance equatidy. i;ed to flows in expanding Universe_s. .The dependence on
(9)]. In it, the right hand side contains the viscous dissipatiofime and wave-number for the self-similar energy spectrum
as well as the inertial forc&(k,t). The overall effect of this 1S [16]

term is to transfer energy from a given scale to smaller ones 1

through mode-mode coupling; thus it is natural to model the _= 2

action of the inertia term as a source of viscous dissipation, E(k.t) 2t (DAOF (A (23
where the effective turbulent viscosity for a given mode de-

pends on the motion of all smaller edd{é<l]. By providing  where\ anduv, are respectively Taylor's microscale and an
closure, that is, writing this effective viscosity in terms of the average turbulent velocity, defined as
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f E(k,t)dk
A2(t)=5
J E(k,t)k?dk

%uf(t)zj E(k,t)dk. (24)

The second equation implies the normalization condition

wa(x')dx’=1. (25
0

To obtain a self-similar flow reducing to E¢L9) in the

flat space limit, we must require the time evolution laws:

Y
A2 A+10 ——d
(H=hi+ ft(p+p)a t
(p+p)at)| \;

The equation which determines the functiof\k) in Eq.
(23) turns out to be

i

dF(x’
, ()d

!

F(x")—x

dx

[ JW

(27)

]JXF(X’)X'zdx’
0
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where

dx’ (30

Jxm

’
X 312

1 J’X ,
—— | F(x')x 2dx
VFx"Jo ()

Let us consider first th&—0 limit. AssumeF «x®. The
left hand side of Eq(29) tends to a finite limit - «. On the

right hand sideG andH behave ax(“~ Y2, so if >0, this
side goes to zero. We must therefore havel, and

H= (31

F~Cx, x—0 (32
whereC is some constant.

In the x—oo limit, assume again a power law behavior
Foex 2. Now G—0, so we must havel —2/5A. From Eq.
(28) we know that in this limitH ~5/\/Fx’, so we must have

B=7 and

25A\2
F~ N X7, x—om. (33

Taking into account both limiting behaviors and Eg5),
the functionF may be approximated as

X
FIx]=———, a=

[at T 128 T 25A°

(34)

25A772r'/3 2

IIl. EQUIVALENT FLUID FOR FIELD FLUCTUATIONS

whereA is a constant. This equation has the same structure After establishing the basic necessary notions for the de-
as in flat space-time, Eq20), which means that assuming Scription of hydrodynamic flows, our goal is to associate an

Heisenberg’s hypothesis the spectrum is lined¢ fior length
scales much bigger than the Taylor’'s microscale.

equivalent fluid description to field fluctuations, and to de-
rive the particle spectrum therefrom. Our first step is to ob-

Observe that for flat space-time, the proportionality be-tain the energy density, pressure and velocity of this fluid as

tween the integral up to a certain wave numiseof the
inertia and the viscous forces is given by Esl) and(18).

functionals of the quantum state of the field.
For simplicity, we shall consider the theory of a single,

In the case of a FRW space-time, the autosimilar solutiors€lf-interacting scalar fieldp, minimally coupled to gravity.

required by Tomiteet al. (23) needs a time dependeny,,,,
in Eq. (17), defined by the analog of Eq18) with A,
replaced byA,,, =5A7na.

D. Solving for the spectrum

Let us analyze in more detail the solutions of Ezjl). We
assume the normalization E®5). By taking thex— oo limit
in Eq. (27) we find

J F(x')x #ix' =5. (28
0
Taking a derivative of Eq(27) we get

1 2|2 +A(G—H 29

The action is

fd“xJ_(( )a P p— vm] (35)

where V[ ¢] is a renormalized effective potential. The
energy-momentum tensor is associated to the Heisenberg op-
erator

(—2) S

v—0 59/},1/

1
= pd"p— 9‘”( (5) 9p$d”p+V[ ¢>]] . (39

my _
TQ -

The macroscopic behavior of the field, however, may be
described in terms of a c-number energy-momentum tensor
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reTerT = R ()= — (TR D, TGO g 47
r! P — r! L 7 -
where 2(p+pat) 2 ¢ ?
TE'=(T8")q (39 This is the key equation linking the quantum and stochas-

tic descriptions. To estimate the velocity correlation, let us
andT£" is a stochastic component with zero mean and selfassume that, after integrating out the hard modes, the soft

correlation modes of interest may be described in terms of quasifree,
long lived excitations with an effective mad42(t). Then
1
(TE"T8")s=5({To" T o TE'TE 39 -1
2 X=| —— | gpdi . (48)
Q a2(t) I

In these equationg)s denotes a stochastic average, while

()q is the average with respect to the quantum state of the 4 fictyations are Gaussian to a very good approxima-
field. Following Landau, we define the fluid four-veloclt* 5 and therefore

and energy density as the(only) time-like eigenvector of

v . . ; . . .
T#¥ and (minug its corresponding eigenvalue ({Tg(r,t),TOQJ(OI)DQ
THU = — pUH, (40
. _ N = {$2,G*3%,6"+d%,G6*35,G*
Introducing the pressune=p(p) as given by the equilib- a(t) ! '

rium equation of statéour theory does not have a conserved N ~
particle number current, and therefore the equation of state is +(r—-r)} (49

barotropig, we may decompose ) -
whereG™*(x,x’) is the positive frequency propagator
TH=pUHrU"+ pA#Y+ 747 (41)

GH((r,1),(00)=((r,)¢(01)q, (50
where A#*’=g#"+U*U” and by construction=*"U ,=0. °
Since 7*” vanishes by definition in the equilibrium state, it (g;, stand for derivatives with respect to the first argument,
may be parametrized in terms of deviations from equilib-while ¢;, ;» stand for derivatives with respect to the second

rium. Remaining within the so-callefirst order formalism  argument ofG*). Let us decompose the soft field into modes
[25,26), we may write

- d3k -
== gHMY = JUP AR (=0 (42) B(r,t)= J e (). (51)
' (2)
where ) . . )
At any timet, we may introduce positive frequency adia-
1 2 batic modes defined by27]
HM”=§AM”AV" UA,U+UU‘A—§AMU?’) (43
t
; ; - fr(t)= ex —iJ'dt’ t’ 52
and 7 gndg are theshearand bulk viscosity coefficients, k() Paot) W’ t i )] (52)
respectively.
Let us decompose each quantity in a mean componeRj{here
(denoted by &C subscript and a fluctuation{denoted by an
S). If the quantum state shares the symmetries of the FRW ) k2
background, theJ.=0. SinceU?=—1 holds identically wi(t)=——+M?(1) (53
(as opposed to “in the mean’we must have a*(t)
U224 ((U92)— a2(UUL) =1 44 and decompose the mode amplitugg(t) into positive and
(Uo)™+{(Ug))—aXUsUgs “4 negative frequency components
202U aULUL—(ULUL)s]=0. 45
cUsmaUsls= (U9l 49 BHO=T(OALD + FE (VAT (1) (59
The second equation shows tltu'agx is a higher order fluc- _ :
tuation with respect taJ’;. If we remain at linear order, then Fppi(t) = =T (O{F (DAL — FR (DA_(D)}. (55
we may approximat@JO:U?::l. Observing that all mean ]
values are homogeneous and isotropic, we seerthi also Let us define the spectrum
a higher order fluctuation. We find T
o | (D) =(ALDAL(D)q (56)
TO=Tg'=(p+p)cUs (46)
(because the quantum state is isotropic, the spectrum de-
and therefore the velocity correlation pends only ork) and assume that
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<AIZ’(t)AIZ(t)>Q:<AEr(t)AE(t)>Q while for largep we get

=(AL(OA(D)li k=0  (57) f &p

EE pZnj(t). (65)

(this happens, for example, if the different modes acquire

random phases through interaction with an environment . S
P g m Since the spectra we are considering fall off much faster

Then z5 3 .
thanp™ < (or evenp™°) at largep, we may estimate that the
G*((F t),(0t")) contribution from Eq(64) is larger than Eq(65); moreover,
T extending the integral to the whole momentum space,
d*k -
- [ St ) &
(2m) | e Un) (D) (66
o
IOt )ng(D)} (58)
and and we get
+((r ' . t) sl k2
G (r,1),(01")) Pii(k,t) = — p(t) : ( )nk(t). 67
. 3a%()(p+p)e(t) | @l)
= | —— e (=i D)) (O FE (t)[ 1+ n(t
f (2m)° (CTod OO (0] Finally, we may relate the particle spectrum to the turbu-
. lent energy spectrum
—f (O f(t)n (D} (59
4
~ Observe that only the vacuum part contributes in the co- E(k,t)= 27p(t) > ( K )nk(t). (69)
incidence limitt’—t. In the large occupation numbers re- a?(t)(p+p)a(t) | @k(t)

gime we are interested in, this is negligible, and we get
({T%(F,t),T%(O,t)})Q IV. REHEATING
1 In the previous sections, we have analyzed on one hand
_ 2 At 2 At T self-similar turbulent flows in expanding universes, and on
(a“(t)){(y” GG (r==1)} (60 the other hand have given the rule to translate the turbulent
energy spectrum into a particle number distribution. We must
where now show that the foregoing analysis is relevant to plausible
models of the reheating period, and use it to predict the
> . 1 d3k o k2 likely shape of the final particle spectrum.
G = §5iiJ We w(D) ni(t) (62) At this point, it is convenient to be more precise about the
model of reheating we have in mintbr further details, see
P [1-5]). We assume that inflation is driven by an inflaton field
2,6 = f K wi(t)n(t). (62 < with an effective potential which may be parametrized as
" (2m)® V(®)~ N\ ®%. The self-couplinghj,s~10 1 and at the
_ _ end of inflationd®~m,~ 10" GeV (in natural unit. This is
We may now write down the Fourier transform of the the dominant contribution to the energy density, so it fixes

velocity self correlation the scale for the Hubble constatmiH?~V(®).
i During preheating, a large fractignearly al) of this en-
D' (K, t)= d ergy is transferred to the matter fields. These are described
T 3a%(t)(p+p)at) by an effective degree of freedoghwhich self interacts with

an effective dimensionless coupling constgnior simplic-
d3p wp(t) - -, ity, we shall model this self interaction asga* theory. At
X f Wé—ﬁ(t)“‘_m Np(ON—p) (D). timest, at the end of preheating, matter excitations are dis-
) Plk-pl tributed with a smooth spectrum~ N f(k/ko), wherek is a
(63)  comoving wave number and the characteristic momentum
L L . . ) ko=H (meaning that the relevant modes are inside the hori-
In principle, this is an integral equation relating the spec—qp) e wish to find the form of the spectrum as follows
trum to the energy self-correlation. It may be simplified aStrom the assumption that its further evolution will be self-

follows. For smallp<k, the integral reads similar.
5 3 Let us estimate the energy density in the matter fieldg at
K t d”p t t 64 aSp0~Nk§~)\mf<I>4. The self interaction of the matter fields
t ni(t) 3wp( )np( ) (64) . 2 2 P A
(1) (2m) induces a maskl <. We shall assumk;=M*<, in which case

063522-6
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2 d°k 2
M ~9J7nk~gNk€~g(po/ko)- (69

We shall assume that this is the dominant contribution to

the matter self-energy. The conditibﬁB M? is equivalent to

gN=1 (70
(this equation will be important belowObserve that
M® %N( 9 |[po)[V(®)
k2 ki \Nint/lkg) | @4
H 4 m 4
~ i)(_) (_p (72)
Nint/ \ Ko/ \ @

Since H/Kk, is already less than one, this is not unduly
restrictive ong (see[1-5]). Also observe thaM? redshifts

PHYSICAL REVIEW D65 063522
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FIG. 1. Log-log plot of the particle spectrum, as given by Eq.
(68). The energy spectrum is given by Eg3), where the function
F is given by Eq(34). We have choseA= 3, the Taylor microscale
A~0.18x107 13 GeV !, and have scaled the spectrum to make it
easiest to compare against the results presentggl imnd[4].

with the cosmological evolution, so these estimates are not

affected by Hubble flow.
Integrating Eq.(68) over k, we find the mean velocity in
the equivalent fluid flow as

b2~ PoPo 2$C§ (72
(pPotPo)
where
k2
2 Ophys
Cec~—————— (73
KbphystM?

[Kophys=Ko/a(t) ] is the speed of sound, so the flow may be

regarded as incompressible. The shear viscosity of the mattdPW iS p~

fields may be estimated d@see the Appendjx[28]

il (74
Ng?
leading to a kinematic viscosity
n 1
=—~ : 75
"t (gN)Zkg (79

With a typical velocity of order one, and a typical length
of orderkal, we get the Reynolds numbBr~ (gN)?<1 [cf.
Eq. (70)].

light field limit M2<k2, we find w,~k. Then Eq.(32) im-
plies n,~k~? for k—0, and Eq.(33) implies k™ for k
—oo, This theoretical prediction for the exponents involved
is the main result of this paper.

In Fig. 1 we show the full particle spectrum based on the
approximation Eq(34) for the functionF. We have scaled
the plot to make it easiest to compare wijith-5]. Momen-
tum is measured in units af 210 GeV (wherea is the
scale factor [4], and we have chosenx~al.8
x 10 13 GeV . Observing that in the ultrarelativistic limit
the speed of floww,~1 andp~p, integrating the particle
density timesk® shows that the total energy density in the
10°X (10" GeV)*. The equivalent black-body
temperature is then somewnhat less that? 1BeV, which is
a reasonable value for the reheating era, and high enough to
justify the neglect of all masses.

The analysis leading to the Chandrasekhar solutions be-
gins from the Navier-Stokes equations for the fluid, which
are equivalent in this context to energy-momentum conser-
vation. Therefore our model requires that it be possible to
assign to the fluid an independently conserved energy-
momentum tensor. This is not exactly the same as requiring
that the homogeneous mode has totally decayed, but it does
mean that there is no significative energy transfer from the
homogeneous mode to the fluid, either through parametric
amplification or otherwise. The plots of total particle density

Of course, we do not have a microscopic justification forand effective masses presented in Réf.suggest that this

Heisenberg’s closure, so we shall takén Eq. (27) as a free

condition is met early, then follows an intermediate stage

parameter. As it turns out, agreement with the numerical redominated by rescattering, and finally the thermalization

sults reported by1-5] is obtained forA~3, which, as ex-
pected, corresponds to Reynolds numbers of order of one.

It is worth pointing out that Chandrasekhar’s solution
with the functionF obeying Eq.(27) is an exact solution that
relies only on Heisenberg'’s closure hypothesis @d). So if
we trust this hypothesis, we can get the spectrum by solvin
Eq. (27) for any Reynolds number.

The distribution of occupation numbers is found from Eq.
(68), where the energy spectrum is given by E2Q). In the

stage.

Comparison with the results ifL—5] is meaningful only
in the intermediate phase. Decaying turbulence is necessarily
a transient phenomenon. As time evolves, we expect the field
will eventually thermalize, and the spectrum will get closer
tp a Rayleigh-Jeans taih,~k~! when masses are negli-
gible. The several plots presented in Héf,, where indexes
go from 1.7 to slightly over 1, capture the transition from
turbulence to equilibrium. Since the same plots show that
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earlier spectra are steep@ee also Fig. 1 in Ref3]) this is kY, = eoll Ni]- (A1)
in satisfactory agreement with the prediction from self-
similar flows. Since we are interested in the high energy regime where
shear viscosity is much larger than bulk viscosity, we may
V. FINAL REMARKS use the Boltzmann collision integral

In this paper, we have shown that the self-similar flows
studied by Heisenberg, Chandrasekhar and Tomita may bécoll Nk1l~9® | DkoDksDk,8(Ky+ko—ks—ks){(1+nyy)
used to provide an interpretation of the “turbulent "spectra
found in[1-5]. The hydrodynamic model predicts scale in- X(1+No)NgNiea— (14 Nyg) (14 Nya) N Nyt
variant spectray,~k™“ both in the infrared and ultraviolet (A2)
limits, with a~2 in the former, and 10 in the latter regime.

Agreement with the early time results presentedlir5] is  \yhere Dk~ d*ks(k?). To estimate the shear viscosity we

satisfactory. assume the four-velocity# is slightly innomogeneous, and
The connection of hydrodynamics to the behavior of fluc-geek a solution

tuations during reheating has interest of its own, as it pro-

vides an alternative to brute force quantum field theoretic N~ no+ni (A3)
calculations, and also yields physical insight on the macro-

scopic behavior of quantum fields in the early universe. Theyhere the new term satisfies the equatimich we render
equivalent fluid method may be used to advantage also iBnly schematically

other regimes, such as the inflationary period it4e#].

Moreover, it opens up a wealth of new phenomena, such as N df : | col

intermittence 14] and shock$30], which are not apparent in Ko d_Xk KU, ; ~ N, ——[nQIng. (A4)
the customary treatments. We will continue our research in

this fleld, which promises a most rewarding dialogue be- By Simp|e power Counting, we estimate

tween cosmology, astrophysics, and nonlinear physics at

large. 8l ol

o, [k~ 0°Nkg (A5)
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APPENDIX: ESTIMATE FOR THE MATTER VISCOSITY

In order to estimate the viscosity for the matter fields we Tilj =f Dkkikjnﬁ. (A7)

assume that the correspondence &) between the fluid
and particle spectra allows us to associate a solution of the
hydrodynamical evolution equations for the former to a self-
similar solution of the kinetic equation for the lattef. [8]).
We may then estimate the transport coefficients by adopting

Equating this tonU; ; and repeating our power counting
analysis, we obtain

3
the same methods usually applied in equilibril8d]. These - & (A8)

are discussed in detail, in the quantum field theory context, Ng?

in Ref.[28].

Let ng~Nf(X), X=U*k, ko be a solution to the cova- as in Eq.(74). In equilibrium,ko—T, N—1, and we obtain

riant Boltzmann equation the same result as in RgR8].
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